1. Introduction 1.1. Let p be a prime number, N ∈ N * an integer prime to p, and R = W (F q ), the ring of Witt vectors of a finite field of characteristic p which contains a primitive N -th root of unity. Let o be the order of p in (Z/N Z) × , thus we have q ∈ (p o ) N * ; in order to simplify certain statements, we will assume, without loss of generality, that q = p o . We denote by ξ a primitive N -th root of unity in R, we denote also by z i = ξ i for i ∈ {1, . . . , N }, and by K = Frac(R). Let X be the curve P 1 − ({0, ∞} ∪ µ N ) / R, and X K be the base change of X to K. In this part I, we compute explicitly the Frobenius structure of the pro-unipotent De Rham fundamental groupoid π un,DR 1 (X K ), in the sense of Deligne [D] , §11 (or, alternatively, the version of this object defined by Chiarellotto and Le Stum [CL] , or the one defined by Shiho [S1] , [S2] ), in particular the periods associated with it, cyclotomic p-adic multiple zeta values.
1.2. The data of π un,DR 1 (X K ) equipped with its Frobenius structure is the following, by [D] , §11. Let us fix the tangential base-point 1 0 as the origin of the paths of integration. Thus we consider the bundle of paths of π un,DR 1 (X K ) starting at 1 0 ; it is equipped with the universal unipotent connexion denoted by ∇ KZ . Let σ be the Frobenius of R, and X (p) be the pull-back of X by σ. Let X K , resp. X
(p)
K be the base change of X resp. X (p) 
K ) which is horizontal with respect to the connexions on the bundle of paths starting at the chosen basepoint. The Frobenius φ of π un,DR 1 (X K ) is defined as the inverse of F * = (F X/K ) * ( [D] , §13.6, §13.13).
In I-1 and I-2, we have fixed an integer α ∈ N * , and we have computed explicitly the Frobenius iterated α times, that is to say, depending on the choice of convention, either (p α ) weight φ α or F α * . Computing the Frobenius reduced to computing its restriction to canonical paths, that is to say a couple (Li † p,±α , ζ p,±α ) (the objects indexed by (p,+α) are defined through (p α ) weight φ α , and the ones indexed by (p,−α) 1.4. We will proceed in the following way. In I-1, we solved directly the equation of horizontality of F * with respect to ∇ KZ . In I-2, we wrote a kind of "Frobenius for weighted multiple harmonic sums", and we expressed it in two ways : one by taking a certain limit of the Frobenius structure of π to express in two different ways a Frobenius for weighted multiple harmonic sums and we related them to each other. Here, the central objects, that we are going to define, are the following : a "De Rham harmonic Ihara action" • For all the paper, it will be convenient to consider the Euclidean division of α by o : α = oα + r, to write p α = qαp r and to focus on the variableα. By Theorem I-2.a (I-2, §1), we have, with the notations introduced in I-2, har qαp r α∈N = Φ p,r •
DR -RT har
har qα α∈N = Σ RT har p r • RT har har qα α∈N Below, pr s is the map of "projection onto the part of weight s" in K e Z , the non-commutative K-algebra of formal power series on the variables equal to the letters of the alphabet e Z = {e 0 , e z1 , . . . , e zN }. For reasons related to the fact that the Frobenius is a contraction, which will be detailed in §3, we denote by Φ q,−∞ the Frobenius-invariant path of Π 1,0 (K) = π un,DR 1 (X K , 1 1 , 1 0 )(K) and by Φ q,∞ its inverse for the Ihara product. Let Λ and a be two formal variables. The first main result of this paper is the following. such that we have the analytic expansion (equality of functions ofα α0 ∈ N) :
har , the (formal) "DR harmonic elevation to the a-th Ihara power weighted by Λ" such that, the map elα
har defined as the composition of el a,Λ har,DR by the reduction modulo (a −α α0 , Λ − qα 0 ) satisfies, at words w such thatα α0 > depth(w) :
ii) (RT) There exists a map el
har , such that, the map elα ,pα 0 har,RT (har pα0 ) iii) (comparison) Let us fixα 0 , and view (1.5.1), (1.5.2), (1.5.3) as three expansions of a function
Then, the coefficients of these expansions are identical.
By iii) we get a natural indirect computation of the Frobenius-invariant path Φ q,∞ .
Example. In depth one, and for P 1 − {0, 1, ∞} whereα = α andα 0 = α 0 , the o) and i) of the Theorem I-3.a give the same answer : 
Thus the comparison gives (for all α 0 ) :
It is in depth ≥ 2 that the powers ofα appear in the formulas. One can introduce as in I-2 certain combinatorial tools to express the formulas for the two mapsẽl har . In part I-2, the harmonic Ihara actions • The second step of our study is to consider the Frobenius on the bundle of paths starting at 1 0 . The result will follow easily from the Theorem I.3-a and from I-1. Let w be a word on the alphabet e Z = {e 0 , e z1 , . . . , e zN }. We recall from I-1 that the map n ∈ N * → Li † 
, with radius of local analyticity depending onα but with coefficients independent ofα.
Outline. The plan is similar to the one of I-2. The computations in the framework of the pro-unipotent fundamental groupoid are made in §2 and §3 ; the ones involving exclusively multiple harmonic sums in §4 and §5 ; we compare the results of the two types of computations in §6. The §2 and §4 are preliminaries ; the cores of the results are obtained in §3 and §5.
Properties of the Ihara action and of the Frobenius
We recall some definitions and facts about the fundamental groupoid, including the fixed points of Frobenius ( §2.1 and §2.2), then we define the setting for studying in §3 the power of the Frobenius as a variable ( §2.3 and §2.4).
2.1. Preliminaries. 
. We read the groupoid structure from the right to the left : π un,DR 1 (X K , y, x) is the scheme of paths "from x to y". The canonical De Rham path from x to y is denoted by y 1 x . The groupoid multiplication is a morphism as follows : π un,DR 1 z, x) . We denote by A any complete topological Kalgebra ; although each π un,DR 1 (X K , y, x) is an affine scheme over Q, we will consider only its points with values in such A. We denote by Ad(e z ) :
For each z ∈ Z − {0, ∞},Π z,0 is the sub-group scheme of Π z,0 defined by the additional equations f [e z ] = f [e 0 ] = 0 ; the adjoint action Ad(e z ) written above restricts to an injective map on eachΠ z,0 (A).
Ihara action.
For all z ∈ Z − {0, ∞}, the Ihara action on Π z,0 (A) is the map
The dual of the Ihara product
, and one can deduce from it, by dualizing again, a map
In particular it applies to series that are not necessarily grouplike. We will denote again by • DR this extension. We defined in I-2 the adjoint Ihara action on Π z,0 (A) : it is the unique map
Let us now take U an 0∞ the rigid analytic affinoid space (P 1,an − ∪ 
] be the map defined by :
We proved in I-2, §2 the following facts. For all f ∈ Π z,0 (A),
We have, for all f, g ∈ Π z,0 (A) :
These facts stay true for N D . Moreover, the Ihara product 
we equip it and its image by Ad(e z ) with the topology induced N D . Then : i) Π z,0 (A) Σ is stable by the usual product of grouplike series, and by the Ihara group law. ii) Π z,0 (A) Σ and its image by Ad(e z ) are closed inside, respectively, Π z,0 (A) and Ad Πz,0(A) (e z ).
In view of some next computations we also want to stress the following fact which is a consequence of the definitions, and was implicit in I-2 : 
2.2. The Frobenius and its fixed point.
2.2.1. At tangential base-points ( 1 z , 1 0 ). We recall the formula for the Frobenius at the base-points
Proposition 2.2.1. For all α ∈ N * , we have :
We have φ α • F α * = id. The formulas imply that for all α ∈ N * , we have Φ p,α • DR Φ p,−α = 1. It implies also a formula for Φ p,ǫα in terms of Φ p,ǫ (where ǫ ∈ {1, −1}), (which we will write in §2.3.2 with the notations introduced there). Cyclotomic p-adic multiple zeta values (when N = 1, p-adic multiple zeta values) are the numbers ζ
for all i. We recall that o ∈ N * is the order of p in (Z/N Z) × , and that we have assumed q = p o ;
thus, assume now that α ∈ oN * : p α = qα where α = oα : we have z
. . , N }, and the isomorphism above sends e z
We can now write the second notion of cyclotomic p-adic multiple zeta values ; this definition is due to Furusho in [F1] when N = 1, and to Yamashita in [Y] for any N . Note that, in [Y] , cyclotomic p-adic multiple zeta values are called p-adic multiple L-values ; we will not use this terminology in order not to confuse this object with the values at tuples of positive integers of the newly introduced p-adic multiple L-functions of [FKMT] . We fix again z ∈ Z − {0, ∞}.
For all words w on e Z , the coefficients ζ
Conjecturally, for any ǫ ∈ {−1, 1} and α ∈ N * , the Q-algebra generated by the numbers ζ p,ǫα (w) is isomorphic to the Q-algebra generated by the numbers (ζ KZ q ) (z) (w), by the isomorphism that sends
. By functoriality of the Frobenius we have, as for Φ p,ǫα :
For all words w, let ζ
At all base-points.
We consider again the bundle of paths of π un,DR 1 The Frobenius on it is very close to the Ihara action written in §2.1.2 : a formula for φ α is
p,α ) and we have a similar formula for F α * . The most standard definition of Li 
p,α ) Under this point of view, the equation of horizontality of Frobenius, which was at the center of I-1 and I-2, and which can be written as
is the natural lift of the definition of Li KZ p in terms of the unique invariant paths.
2.3. Ihara action weighted by a small number λ ∈ K * and its iterates. We state now some preliminary facts on the Ihara action pre-composed with τ (λ), where λ ∈ K * , in view of considering in §3.1 the family of the a-th iterates of this map (a ∈ N) as a function of λ a . Let z ∈ Z − {0, ∞}, and let A a complete topological K-algebra
We call Ihara action by g weighted by λ, and denote by (λ, g)• DR , the map
, the Ihara action of g weighted by λ is an automorphism of the scheme Π z,0 × Spec Q Spec A, whose inverse is
Definition 2.3.3. Let a ∈ N * . Let the map of elevation to the a-th Ihara power weighted by λ,
Application to the Frobenius. As one can see by §2.2, when p α is a power of q, the q-th power of Frobenius at tangential base-points can be identified with the map
and we have Φ q,ǫα = Φα
When N = 1, and α = 1, this last equality has been written by Furusho (with different conventions and notations) in [F2] , Theorem 2.8.
2.4. Projection onto the parts of given weight and depth in A e Z . The following definitions and facts are stated in view of §3.1. We take again A a complete topological K-algebra.
2.4.1. Definition.
Equivalently, (pr s ) s∈N is the sequence of coefficients of τ : the maps A e Z → A e Z characterized by, for all λ ∈ A * ,
Almost commutation of pr s with the usual algebraic operations. Let z ∈ Z − {0, ∞}. It follows from Definition 2.4.1 that :
Lemma 2.4.2. i) For all f, g ∈ A e Z , we have :
By these two facts and by §2.1.2, we deduce :
2.4.3. Relation with the topological setting. Clearly we have :
and in particular pr s is a continuous linear map for the N Λ,D -topology ; moreover, A e Z b and A e Z Σ are stable by pr s .
This lemma and §2.1.2 imply the following last fact :
Corollary 2.4.5. For all f, g ∈ Π z,0 (A) and s ∈ N we have :
We single out this particular consequence because we will specifically need it in §3.
Proofs within the fundamental groupoid
We study the Ihara action weighted by λ ∈ K × iterated a times, as a function of λ a , where a varies in N * ( §3.1, §3.2, §3.3) with a particular treatment of the case where |λ| p < 1 ( §3.2) ; we define the "De Rham" counterpart of the harmonic Ihara action of I-2 ( §3.4) ; we finally apply these results to the Frobenius ( §3.5- §3.6). In this paragraph, A is any complete topological K-algebra.
Expansion of the iterates of the weighted Ihara action.
3.1.1. Preliminary. Let us write el a • DR ,λ in terms, not of the Ihara multiplication • DR , but the usual De
Rham multiplication × = × DR (the multiplication of formal power series of A e Z ).
Lemma 3.1.1. For all g z ∈ Π z,0 (A), for all a ∈ N * , and λ ∈ A which is not a root of unity :
This follows from the formula for the weighted Ihara action (by induction on a).
Main result.
We can now write how el a • DR ,λ depends on a.
Proposition 3.1.2. Let Λ, Λ a , a be three (independent, despite the notation) formal variables. There exists a mapẽ
such that, for all f ∈ Π z,0 (A), for all word w, for all a ∈ N * such that a > depth(w) and for all λ ∈ A−{0} which is not a root of unity, we have :
Proof. Knowing that g z [∅] = 1, dualizing the multiplication of the a factors of (3.1.1) gives
We have assumed that a > d ; let us thus separate the indices i j ≤ d and i j > d :
This yields an expression of (3.1.2), as a K-linear combination indexed by
′ non-empty subwords} which is independent of a but depends polynomially of λ, and with coefficients as well independent of a and polynomial functions of λ, of the numbers
we have (where pr * ,≤d , defined in §2.4.1, is the projection onto the part of depth ≤ d) :
gives that (3.1.3) is a linear combination, independent of a and λ, of sums : 
polynomials, depend on a as a polynomial function of (a, λ a ) : one can reduce this statement to L = 0 by splitting an iterated sum over 0 ≤ I 1 < . . . < I δ ≤ a − 1 at L and by induction on δ, then use, again by induction on δ that, for all deg j ∈ N * , we have
3.2. Contraction property and expansion of the iterates of the Ihara action weighted by a small λ ∈ K * .
3.2.1. Contractance. Because of the sub-multiplicativity of N Λ,D with respect to the Ihara product ( §2.1.3), and because of the completeness of A e Z with respect to N Λ,D , one can define through these objects a notion of contraction mapping ; namely, the contraction mappings in the sense below satisfy the usual properties of contraction mappings regarding fixed points, as we write below :
is said to be a κ-contraction (with respect to N Λ,D and • DR ) if, for all f, f ′ ∈ Π z,0 (A), we have :
The example which we are interested in is the following :
This statement follows from §2.1.3. On this example, some usual properties of contractions regarding fixed points are the following :
Then, the Ihara action of g weighted by λ is continuous and has a unique fixed point, which is equal to :
for all f ∈ Π z,0 (A). In particular, for all a ∈ N * : 
ii) For all f ∈ Π z,0 (A), there is a unique formal power series, namely
Proof. By Corollary 3.2.3, we have
and the rest follows from §2.4.2.
3.3. Properties of the maps subjacent to the expansions of iterates of the Ihara action.
In view of studying the relationship between all the variants of cyclotomic p-adic multiple zeta values ( §3.5), we are interested in describing the duals of the map fix λ (of §3.1.1), when |λ| p < 1, the map el a • DR ,λ : g → g a • DR ,λ (of §2.3.1) for which we will assume that λ ∈ K * is not a root of unity, and also the inversion for the Ihara product, el −1
3.3.1. Algebraic properties. We must first write the maps above in terms, not of the Ihara multiplication • DR , but the usual multiplication × = × DR of the group π un,DR 1 
From these expressions one can read a formula for the dual of these maps, in terms of the operations of taking subwords and quotient words of words on e Z , and which it is not necessary to write explicitly ; we only want to point out certain features of them.
Notation 3.3.2. For any Q-algebra R, and for each
s,≤d be the sub-R-module of O x,eZ ⊗ R generated by words on e Z of weight s, resp. depth ≤ d, resp. weight s and depth ≤ d.
The dual of the maps maps fix λ , el a • DR ,λ and el −1 • DR are compatible with the depth filtration :
Let λ ∈ K which is not a root of unity and a ∈ N * ; then
and finally el 
Proof. This is a direct consequence of the previous lemmas and the formula for • DR (recalled in §2.1.2).
Remark 3.3.4. We note in particular the compatibility between these three maps and the depth filtration ; we will compute all variants of cyclotomic p-adic multiple zeta values ; since our computations of cyclotomic p-adic multiple zeta values are either inductive on the depth or done at each depth separately, this means that we can bring together all the explicit computations.
Effect on valuations.
Let us now bring together these maps and the topological setting : which is not a root of unity. ii) Let λ ∈ K × such that |λ| p < 1 and a ∈ N * ; for all g ∈ Π z,0 (K), we have
This follows from the previous lemmas and the definitions.
Functoriality.
Lemma 3.3.6. For every automorphism σ of X K , we have a commutative diagram
where the couple of vertical arrows can be a couple (fix λ , fix
), where the variants with the exponent σ are defined through the Ihara action on Π σ(z),σ(0) (A) (we leave to the reader the precise definition).
Proof. Clear.
The De Rham harmonic Ihara action. We introduced in I-2 a DR -RT harmonic Ihara action •

DR -RT har
, and a RT harmonic Ihara action • ] where "; s 0 " is omitted when s 0 = 0.
Proposition-Definition 3.4.3.
There exists a unique map
making the following diagram commutative :
We call it the De Rham harmonic Ihara action and denote it by • DR har . By considering an infinite countable number of copies of it, and pre-composing the copy indexed by each n ∈ N by τ (n) × id, we obtain a map In brief, the De Rham harmonic Ihara action is thus (Σ DR inv ) * of Ad(e z ) * of the Ihara action (where the push-forward refers to the set which is acted upon), characterized by the equation :
We authorize ourselves to use the same notation and terminology for the two versions of this group action, the one on A e Z DR har and the one on Map(N, A e Z DR har ), because it will be clear by the context which one (or both) we are referring to.
Example 3.4.4. i) In depth one and for P 1 − {0, 1, ∞}, we have :
ii) In depth two and for P 1 − {0, 1, ∞}, we have : Proof. This is clear, in particular using Lemma 2.1.4. 3.5.1. Notation and main statement. Because of the previous results, and their applications to the Frobenius which we will state below, we will use, from now on until the end of this I-3, a different notation for the Frobenius-invariant paths :
Notation 3.5.1. We fix z ∈ Z − {0, ∞}. Let Φ 
For all words w, and ǫ ∈ {−1, 1}, let ζ
q,ǫ∞ [w] . As usual, the exponent (z) can be omitted in the notation when it is equal to (1) .
We can apply §3.1 to the Frobenius by §2.3.2 ; this gives the following result and justifies Notation 3.5.1 :
Corollary 3.5.2. i) For allα ∈ N * , we have the expansion :
iii) Forα ∈ N * , the Frobenius F oα * has an expansion :
Forα ∈ N * , the Frobenius φ oα has an expansion : Let us note that these facts reprove, in our extremely particular case, the existence and uniqueness of a Frobenius-invariant path which are known by the general theory of Coleman integration. When N = 1, a statement equivalent to the information concerning the limit of Φ p,α when α → ∞ for the N Λ,D -topology appears in [F2] , proof of Proposition 3.1.
3.5.2. Application to ζ q,α . The considerations of §3.1.3 can be applied to the Frobenius via the three following formulas, valid for allα,α 0 ∈ N * such thatα 0 |α :
This gives :
generated respectively by cyclotomic p-adic multiple zeta values ζ (z) p,α of weight s, associated with α ∈ Z ∪ {±∞} − {0}, ǫ ∈ {−1, 1} and z ∈ {z 1 , . . . , z N }, are all equal to each other.
The i) when N = 1 and α ∈ {1, −∞}, is almost implicit in [F2] , statement before Example 2.10 ; the Example 2.10 of [F2] consists of the relation between Φ p,1 and Φ p,−∞ in depth one and two, when N = 1. Let us write more generally the first examples of this corollary. The notation ζ Ad refers to adjoint multiple zeta values, defined in the Appendix of I-2.
Example 3.5.4. i) In depth one and for P 1 − {0, 1, ∞}, we have : for all α 0 , α ∈ N * such that α 0 |α :
and for all α ∈ N * ∪ {∞} :
ii) In depth two and for P 1 − {0, 1, ∞}, we have, for all α ∈ N * :
And, for all α ∈ N * ∪ {∞} :
3.5.3. Application to har qα . Let us recall the expression of prime weighted multiple harmonic sums as infinite sums of cyclotomic p-adic multiple zeta values (I-2, §1, Corollary I-2.a) : for all indices (w,w) =
We have defined (I-2, §3.1) a notion of weighted multiple harmonic sums for words that are not "convergent at 0", i.e. words of the form we r 0 , r > 0. They are elements of K[l f ] with l f a formal variable (which does not represent a branch of the p-adic logarithm, but a power of e 0 in a word e l 0 w, l ∈ N). It is convenient to adopt the following notation : Notation 3.5.5. i) For all (w,w) as above, let
ii) Let har qα = (har qα (w)) (w word) and har q ∞ = (har q ∞ (w)) (w word) ; they are both elements of
Definition 3.5.6. Let el
Proposition 3.5.7. Let (w,w) as above. For eachα ∈ N * , we have the expansion :
har har q ∞ In other words, the map qα → har qα (w) is the analytic function characterized by :
In particular, we have
; whence by Lemma 2.4.2,
whence the result by equation (3.5.4) and §3.1.1, inverting an absolutely convergent double sum and using that z −qα = z −1 for allα ∈ N * . 
with c n,n1,n2 (w) of the form
We leave to the reader the explicit formulation of the conditions ( * ) and ( * ′ ), which can be written by using the formulas for the dual of the composition of series and adjoint action of e z which appear in I-2, §2.3. 
where the right-hand side above extended in a canonical way to a function of lim ← − Z/N p u Z by a continuity property. Thus, for every word w, we call comp
refers to the coefficient of degree n of the series expansion at 0.
We have proved in I-1, §6 that the map comp A(U an 0∞ ) Li † p,ǫα [w] satisfies the following : for all n 0 ∈ Z p and i ∈ {1, . . . , N }, there exist sequences (comp
we have the absolutely convergent series expansion :
and let when n 0 ∈ {1, . . . , qα − 1} (I-1, §4.5). We deduce now :
Corollary 3.6.2. For each n 0 ∈ {0, . . . , p α −1}, ǫ ∈ {−1, 1}, l ∈ N, i ∈ {1, . . . , N }, there exists a sequence κ q,ǫ [w] (l,i,S) (n 0 ) S∈N * (it does not depend onα) such that, for n ∈ N * satisfying |n − n 0 | p ≤ p −α , we have
Proof. We combine the results recalled above with Proposition 3.5.7, which gives that each coefficient 
ii) Moreover, this convergence is uniform on all the closed disks of center 0 and radius ρ < 1.
Each coefficient of (3.6.4) relative to a word w is a sum, over certain couples of words (w 1 , w 2 ), of terms of the following form, with w 1 , w 2 words, L ∈ N * :
For all C, C ′ ∈ R + * , and z ∈]0[, we have
and this convergence is uniform with respect to n. Indeed, let n 0 such that for all n ≥ n 0 , we have C ′ log(n) ≤ n 2 v p (z) ; then n 0 is independent ofα and we have, for all n ≥ n 0 , qαnv
Because of the bounds of valuations on cyclotomic p-adic multiple zeta values (I-1, §1, appendix to Theorem I-1, or alternatively, their consequences stated in §3.3.1 of this paper) the sequence N Λ,D (Φ q,−α ) α∈N * is bounded. Thus, we can deduce i) for τ (q −α ) Li † q,α (z) by an application of the dominated convergence theorem. The ii) for τ (q −α ) Li † q,α (z) comes from that n 0 can be chosen the same for each z in a closed disk of center 0 and radius ρ < 1. The proofs concerning τ (q −α ) Li † q,−α (z) are similar. ; by the characterization of the algebra of rigid analytic functions U an 0∞ from I-1 §4.1, this would imply that, for any word w on e Z the multiple harmonic sums functions n → har n (w) restricted to classes of congruences modulo N should be continuous. This contradicts the computations of the next paragraph ( §4).
Properties of multiple harmonic sums
We review from I-2, §4, some definitions and properties concerning multiple harmonic sums. We deduce from it some information on how har n depends on n viewed as a p-adic variable.
4.1. Preliminaries. In I-2, we introduced the following generalization of multiple harmonic sums. Let G α be the subgroup of Hom gp (K * , K * ) made of elements χ such that, for all ǫ ∈ K satisfying |ǫ| p ≤ 1 p α , we have an absolutely convergent expansion χ(1
, the weight map, be the morphism of groups that sends χ → − 
we associate the multiple harmonic sum :
and the weighted multiple harmonic sum
We omit n 0 in the notations har n0,n and σ n0,n when n 0 = 0. The results of the next paragraphs apply to this more general notion of multiple harmonic sums, although we will restrict, for the simplicity of the statements, to the usual values of χ d , . . . , χ 1 .
4.2.
Multiple harmonic sums and the p-adic expansion of their upper bound. The question of studyingα as a variable applied to prime weighted multiple harmonic sums har qα is a particular case of the more general and natural question of studying har n , or equivalently σ n , as a function of n viewed as a p-adic variable. In I-1, one of the main technical points was to show that the variant har †p,α n of multiple harmonic sums defined through the series expansion of Li p,α extended into a certain type of locally analytic function of n on Z We did not treat in I-1 the question of studying har n itself as a function of n viewed as a p-adic variable. Let us state one feature of this problem. Other features of this problem will appear in the final version of this work. The next proposition says, roughly speaking, that har n is a rational function of the coefficients of the decomposition of n in base q, whose coefficients are har q y such that q y occurs in the decomposition of base q of n (it remains of course true when we replace q by p). 
